Abstract. R. B. Kusner [R. Guy, Amer. Math. Monthly 90 (1983), 196-199] asked whether a set of vectors in R d such that the ℓp distance between any pair is 1, has cardinality at most d + 1. We show that this is true for p = 4 and any d ≥ 1, and false for all 1 < p < 2 with d sufficiently large, depending on p. More generally we show that the maximum cardinality is at most (2⌈p/4⌉ − 1)d + 1 if p is an even integer, and at least (1 + εp)d if 1 < p < 2, where εp > 0 depends on p.
Introduction
Let 1 < p < ∞ and d ≥ 1. By ℓ d p we denote R d endowed with the ℓ p -norm
The unit ball and unit sphere (unit circle if d = 2) of ℓ d p are the sets {x : x p ≤ 1} and {x : x p = 1}, respectively. Note that we do not consider the cases p = 1, ∞ in this paper. A set S ⊂ ℓ d p is λ-equilateral (λ > 0) if x − y p = λ for all distinct x, y ∈ S, and equilateral if S is λ-equilateral for some λ > 0. The maximum number of elements in an equilateral set in ℓ d p is denoted by e(ℓ d p ). It is well-known that e(ℓ d 2 ) = d + 1. The standard basis vectors of R d together with some multiple of (1, 1, . . . , 1) demonstrates that e(ℓ d p ) ≥ d + 1 for all 1 < p < ∞. A result of Petty [8] gives as a special case that e(ℓ d p ) < 2 d for d ≥ 2. It is also well-known that e(ℓ 2 p ) = 3 (see e.g [6, Section 5]). Kusner [4] asked whether e(ℓ d p ) = d + 1 for all d ≥ 2 and 1 < p < ∞. This problem has recently been studied by Smyth [9] and Alon and Pudlák [1] . Smyth showed e(ℓ d p ) < cpd (p+1)/(p−1) for some c > 0, and also e(ℓ d
) (this second statement also follows from a more general result of Brass [2] and Dekster [3] ). The general upper bound was improved by Alon and Pudlák to e(ℓ d p ) < c p d (2p+2)/(2p−1) for some c p > 0 depending on p. For p an even integer, Galvin (see [9] ) showed e(ℓ Secondly we show that e(ℓ d p ) > d + 1 holds for all 1 < p < 2 if d is sufficiently large.
For example, if 1 < p ≤ The proof is also in Section 3.
Upper bounds for p an even integer
Let S be a 1-equilateral set in ℓ d p where p is an even integer. For each a ∈ S, let P a (x) = P a (x 1 , . . . , x d ) be the following polynomial:
Thus each P a is in the linear span of
which is a subspace of dimension (p − 1)d + 2 of the vector space of real polynomials in the variables x 1 , . . . , x d . Since P a (a) = −1 for all a ∈ S and P a (b) = 0 for all distinct a, b ∈ S, we have that {P a : a ∈ S} is linearly independent. Thus we already have |S| ≤ (p − 1)d + 2. We now show that the larger set
We only consider the case p ≡ 0 (mod 4), the other case being similar.
If we substitute (1) into (2) we obtain
Thus the coefficients of this polynomial are all 0, giving
Substitute x = b ∈ S into (2):
Multiply (8) by −λ b and sum over all b ∈ S:
By (5) and (7) this simplifies to
which by (6) simplifies to
Since the left-hand side is a sum of squares, λ b = 0 for all b ∈ S. By (4) we then have λ = 0, and by (6) λ i,m = 0 for all m and i. Thus the set P is linearly independent, finishing the proof.
3. Lower bounds for 1 < p < 2
According to the following proposition, if we can find a 2 1/p -equilateral set of k + 1 points on the unit sphere of ℓ k p , we can construct equilateral sets in ℓ d p of more than d + 1 points if d is sufficiently large. The construction is similar to the Lenz construction in combinatorial geometry (see [7, pp. 148, 159, 194] ).
p has a 2 1/p -equilateral set of cardinality k + 1 on the unit sphere, then ℓ d p has a 2 1/p -equilateral set of cardinality ⌊(1 + 
Let the equilateral set in ℓ k p be S = {v 1 , . . . , v k+1 }. Let S i be the copy of S in the i'th copy of ℓ k p in ℓ d p , i = 1, . . . , m, and let S 0 be the copy of the standard unit vectors e 1 , . . . , e r in the copy of ℓ r p , which is also a 2 1/p -equilateral set of unit vectors. Clearly the distance between a vector in S i and a vector in S j is 2 1/p for distinct i, j, since both are unit vectors. Thus S 0 ∪ · · · ∪ S m is the required set, since it has cardinality m(k + 1)
Before we construct the required 2 1/p -equilateral sets, we need a technical two-dimensional result.
Geometrically the lemma says that there exists a quadrilateral inscribed in the unit circle of ℓ 2 p with all four sides of length λ, for any λ ∈ [2 1−1/p , 2 1/p ]. This is easily seen for λ = 2 1/p (u = (1, 0) and v = (0, 1)) and for λ = 2 1−1/p by (10), and similarly, v i p p = 2 p−2 k. Thus if we scale S by (2 p−2 k) −1/p , we obtain a 2 1/p -equilateral set of unit vectors of cardinality 2k.
Note that the two smallest dimensions d for which the above proposition ensures a 2 1/p -equilateral set of unit vectors of size d + 1 are d = 3 (with 1 < p ≤ log 3/ log 2) and d = 7 (with log 3/ log 2 ≤ p ≤ log(7/2)/ log 2). It is not difficult to see that such a set does not exist for d = 2 and any 1 < p < ∞, and also not for p = 2 and any d. We do not know whether such sets exist if d = 4, 5, 6. It is doubtful that they exist for p > 2.
Proof of Theorem 2. Note that the given value of k ensures that 2 + log(1 − 2 −k ) log 2 < p ≤ 2 + log(1 − 2 −k−1 ) log 2 , 
